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Abstract 

In this paper, a class of neutral type high-order Hopfield neural networks with mixed 
time-varying delays and leakage delays on time scales is proposed. Based on the exponen¬ 
tial dichotomy of linear dynamic equations on time scales, Banach’s fixed point theorem 
and the theory of calculus on time scales, some sufficient conditions are obtained for the 
existence and global exponential stability of pseudo almost periodic solutions for this 
class of neural networks. Our results are completely new. Finally, we present an example 
to illustrate our results are effective. Our example also shows that the continuous-time 
neural network and its discrete-time analogue have the same dynamical behaviors for 
the pseudo almost periodicity. 

Key words: Hopfield neural networks; Mixed time-varying delays; Leakage delays; Pseudo 
almost periodic solutions; Time scales. 

1 Introduction 

Due to the fact that high-order Hopfield neural networks (HHNNs) have stronger approx¬ 
imation property, faster convergence rate, greater storage capacity, and higher fault tolerance 
than lower-order neural networks, high-order Hopfield neural networks have been the object 
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of intensive analysis by numerous authors in recent years. In particular, there have been 
extensive results on the problem of the existence and stability of equilibrium points, periodic 
solutions and almost periodic solutions of HHNNs in the literature. We refer the reader to 
[1-9] and the references cited therein. For example, authors of [I] studied the problem of 
global exponential stability properties of such high-order Hopheld-type neural networks by 
utilizing Lyapunov functions; authors of [2j derived some sufficient conditions for the global 
asymptotic stability of equilibrium point of HHNNs with constant time delays in terms of 
linear matrix inequality. 

In fact, it is natural and important that systems will contain some information about the 
derivative of the past state to further describe and model the dynamics for such complex 
neural reactions |10j . many authors investigated the dynamical behaviors of neutral type 
neural networks. For example, authors of [11-15] studied the stability, periodic solutions and 
almost periodic solutions for different classes of neutral type neural networks, respectively. 

As we known, time delays inevitably exist in biological and artificial neural networks 
because of the finite switching speed of neurons and amplifiers [TBj, which can also affect the 
stability of neural network systems and may lead to some complex dynamic behaviors such 
as oscillation, chaos and instability. In reality, the mixed time-varying delays should be taken 
into account when modeling realistic neural networks na- A leakage delay, which is the time 
delay in the leakage term of the systems and a considerable factor affecting dynamics for the 
worse in the systems, is being put to use in the problem of stability for neural networks. Such 
time delays in the leakage term are difficult to handle but has great impact on the dynamical 
behavior of neural networks [18-21], Therefore, it is significant to consider neural networks 
with time delays in leakage terms. 

Besides, both continuous-time and discrete-time neural networks have equally importance 
in various applications and the theory of time scales was initiated by Hilger [22] in his Ph.D. 
thesis in 1988, which can unify the continuous and discrete cases. Many authors have studied 
the dynamics of neural networks on time scales [15,23-25]. For example, in paper [21], some 
sufficient conditions for the existence and global exponential stability of almost automorphic 
solutions for a class of neutral type HHNNs with delays in leakage terms on time scales 
are obtained; in paper [25], the existence and global exponential stability of anti-periodic 
solutions for competitive neural networks with delays in the leakage terms on time scales are 
investigated. 

On the other hand, the concept of pseudo-almost periodicity, which is the central subject 
in this paper, was introduced by Zhang [2ja| in the early nineties. As pointed out by Dads et al. 
in m, it would be of great interest to study the dynamics of pseudo almost periodic systems 
with time delays. Pseudo almost periodic solutions in the context of differential equations 
were studied by several authors in [28-41]. For example, authors of [40] studied the existence 
and the global exponential stability of the positive pseudo almost periodic solutions, which 
are more general and complicated than periodic and almost periodic solutions; authors of 
HIJ studied the existence and uniqueness of pseudo almost periodic solution of the shunting 
inhibitory cellular neural networks with time-varying delays in the leakage terms by using 
the exponential dichotomy theory and contraction mapping fixed point theorem. Recently, 
the concept of the pseudo almost periodic function on time scales has been introduced by 
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Li and Wang [32j. However, to the best of onr knowledge, there is no paper published on 
the existence and stability of pseudo almost periodic solutions for neutral type HHNNs with 
mixed time-varying delays and leakage delays on time scales, which is very important in 
theories and applications and also is a very challenging problem. 

Motivated by the above discussion, in this paper, we propose a neutral type high-order 
Hopheld neural network with mixed time-varying delays and leakage delays on time scales as 
follows: 


xj ( t ) = -Ci(t)xi(t - 5i(t )) + ^ ‘bjtyfjixjit)) 

3 = 1 

n n ~t 

+ ^2hj{t)g j {x j {t -Tijit))) + J2dutt) / hj(xJ{s))Vs 

j = 1 j= 1 Jt—CTij(t) 

n n 

+EE TijiifykjiyXjit - £iji(t)))ki(xi(t - c iji{t))) + Ii(t), te T, (1.1) 

j =i i=i 

where T is an almost periodic time scale, i = 1,2 n corresponds to the number of 
units in a neural network; Xi(t) denotes the activation of the ith neuron at time t; d(t ) > 0 
represents the rate with the ith unit will reset its potential to the resting state in isolation 
when disconnected from the network and external inputs at time t; Oy(t), b t] (t) and 
represent the delayed strengths of connectivity and neutral delayed strengths of connectivity 
between cell i and j at time t, respectively; T t ji(t) denotes the second-order connection weights 
of the neural network; fj, g 3 , hj and kj are the activation functions in system (11.111 : /*(£) is 
an external input on the itli unit at time t; h* denotes the leakage delay at time t and satisfy 
t — Si(t) G T, Tij, dij, £iji and Qji are transmission delays at time t and satisfy t — r^(t) G T , 
t - aij(t) G T, t — £, i:j i(t) G T, t - Cmit) G T for t G T. 

For convenience, we let [a, b]j = {t\t G [a, b] D T}. And we introduce the following 
notations: 

4 = sup | a (t) |, c~ = inf | a ( t ) |, 5f = sup | ^ (t) |, tJ = sup | nj ( t ) |, 
teT te T teT 

4 = su p Watt) I, £« = su p \44)l Ctji = su pIC iji(*)l, a tj = su p kt(*)l> 

teT teT teT teT 

= sup|6y(t)|, dj = sup |dij(t)|, Tji = sup|Iij t (t)|, i, j, l = 1,2,..., n. 

teT teT teT 

The initial condition associated with system (11.111 is of the form 

Zf(s) = <Pi(s), xj (.s) = (fY (s), s G [-9, 0] T , (1.2) 

where 6 = maxfd, r, a, £, C}, 5 = max {d + }, r — max {r^}, o = max {c>A}, £ = max If A}, 
( = max {(A}, — 1,2, ...,n, </?*,(•) denotes a real-valued bounded V-differentiable 

function defined on [— 9 , 0]t- 
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This paper is organized as follows. In Section 2, we introduce some definitions, make some 
preparations for later sections and extend the almost periodic theory on time scales with the 
delta derivative to that with the nabla derivative. In Section 3, by utilizing Banach’s fixed 
point theorem and the theory of calculus on time scales, we present some sufficient conditions 
for the existence of pseudo almost periodic solutions of (11.11) . In Section 4, we prove that 
the pseudo almost periodic solution obtained in Section 3 is globally exponentially stable. In 
Section 5, we give an example to demonstrate the feasibility of our results. 


2 Preliminaries 


In this section, we shall first recall some fundamental definitions and lemmas. Also, we 
extend the almost periodic theory on time scales with the delta derivative to that with the 
nabla derivative. 

A time scale T is an arbitrary nonempty closed subset of the real set M with the topology 
and ordering inherited from M. The forward jump operator a : T —> T is defined by a{t) = 
inf {s G T, s > for all t 6 T, while the backward jump operator p : T —> T is defined by 
p(t) = sup {s G T, s < t} for all t G T. 

A point t G T is called left-dense if t > infT and p[t) = t, left-scattered if p(t) < t, 
right-dense if t < supT and a(t ) = t, and right-scattered if aft ) > t. If T has a left-scattered 
maximum m, then T k = T \ {m}; otherwise T k = T. If T has a right-scattered minimum 
m, then T*, = T \ {m}; otherwise T k = T. Finally, the backwards graininess function 
v : T fc —> [0, oo) is defined by v[t) = t — p(t). 

A function / : T —^ M is ld-continuous provided it is continuous at left-dense point in T 
and its right-side limits exist at right-dense points in T. 

Definition 2.1. ([pj |^3) Let f : T — > M be a function and t G T k . Then we define / v (t) 
to be the number (provided its exists) with the property that given any e > 0, there is a 
neighborhood U of t (i.e, U — (t — S,t + 8) fl T for some 6 > 0) such that 

I f(p(t)) ~ f(s) - / v (t)(p(t) - s )| < e\p(t) - s\ 


for all s G U, we call f v (t) the nabla derivative of f at t. 

Let / : T —> M be ld-continuous. If A v (t) = fit), then we define the nabla integral by 
j h J{f)Vt = F(b)-F{a). 

A function p : T —> M is called ^-regressive if 1 — v{t)p{t) 0 for all t G T k . The set of all 
^-regressive and left-dense continuous functions p : T —> R will be denoted by 1Z U = 1Z V (T) = 
1Z U (T, M). We define the set IZf = 7£+(T, M) = {p G TZ U : 1 — v(t)p{t) >0, Vt G T}. 

If p G 1Z U , then we define the nabla exponential function by 

e p (f, s) = exp ^ i(T)(pW)Vrj, for t, s G T 
with the ^-cylinder transformation 


L(z) 


log (1-hz) 
h 


Z 
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if h 0, 
if h = 0. 



Let p, q G IZ U , then we define a circle plus addition by (p©„ q)(t) = p(t ) + g(t) — u(t)p(t)q(t), 
for all t G TV For p G 7£„, define a circle minus p by Q v p = — 

Lemma 2.1. ([Pj [P]) Let p,q G 7P ; and s,t,r G T. Then 

(i) eo(L s) = 1 and e p (t, t ) = 1; 

(u) e p (p(t), s) = (1 - u(t)p(t))e p (t, s); 

(in) e p (t,s ) = = eQ vP (s,t); 


(iv) e p (t, s)e p (s, r) = e p (t,r); 

(v) (e p (t,s)) v = p(t)e p (t,s). 

Lemma 2.2. ([Pj [P]) Let f,g be nabla differentiable functions on T ? then 
(■ i ) (fi/ + u 2 g) v = m/ v + n 2 p v , for any constants Vi, v 2 ; 

(m) (f9) v (t) = f*(t)g{t) + f(p(t))g v (t) = f(t)g v (t) + / v (t)g(p(t)); 


(Hi) If f and / v are continuous, then (f* f(t, s)V s) v = /(p(t),t) + f* f(t, s)Vs. 

Lemma 2.3. (23 23) Assume p G 7£„ and to £ T. If 1 — u(t)p(t) > 0 for t G T, tden 
e p (t, t 0 ) > 0 for all t G T. 


Lemma 2.4. Suppose that f(t ) is an Id-continuous function and c(t ) is a positive Id-continuous 
function which satisfies that c(t ) G 7£+. Let 


p(t) = / e_ c (t, p(s))f(s)'Vs, 


'to 


where t 0 G T, then 


Proof. 


9 V (t) = f(t) - c(t) / e_ c (t, p(s))f(s)Vs. 


f tQ 


g V (t) = / e- c (t,p(s))f(s)Vs 


'to 


= ( e_ c (t, to) / e_ c (t 0 ,p(s))/(s)Vs 


'to 


= e_ c (p(t),t 0 )e_ c (t 0 ,p(t))/(t) - c(t)e_ c (t,t 0 ) / e_ c (t 0 ,p(s))/(s)Vs 


'to 


= f(t)-c(t )/ e_ c (t,p(s))/(s)Vs. 


'to 
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Definition 2.2. ( | 45{ [}6| ) A time scale T is called an almost periodic time scale if 

n := {r G R : t±T E T,Vt G T} ^ {0}. 


Definition 2.3. ( |73| |7^[ ) Let T be an almost periodic time scale. A function f E C(T, R”) 
is called an almost periodic on T, if for any e > 0, the set 


E(e,f) = {t E n : I f(t + r) - f(t)\ < e,Wt E T} 

is a relatively dense in T; that is, for any given e > 0, there exists a constant 1(e) >0 such 
that each interval of length 1(e) contains at least one r = r(e) E E(e, f) such that 

I f(t + r) - f(t) | < e, Vt E T. 

The set E(e,f) is called the e-translation set of f(t), r is called the e-translation number of 
f(t) and 1(e) is called the contain interval length of E(e,f). 

Let AP(T) — {/ E C(T, M n ) : / is almost periodic} and BC( T,R n ) denote the space of 
all bounded continuous functions from T to M n . Define the class of functions PAP 0 ( T) as 
follows: 


PAP 0 (T) = |/ E BC( T,M n ) : / is V — measurable such that 

lim — / |/(s)|Vs = 0, where t 0 E T, r G A >. 

7 >+oo 2r J to _ r J 

Similar to Definition 4.1 in [32], we give 

Definition 2.4. A function f E C(T,M n ) is called pseudo almost periodic if f = g + <f>, 
where g E AP(T) and f> E PAP 0 (T). Denote by PAP( T) the set of pseudo almost periodic 
functions. 

By Definition 12.41 one can easily show that 

Lemma 2.5. If g E PAP( T), then f + gjg E PAP( T); if f E PAP( T), g E AP( T), then 
fgEPAP( T). 

Lemma 2.6. If f E C(R, R) satisfies the Lipschitcz condition, tp E PAP(T) and 6 E C(T, A) , 
then f(<p(t — 6(t ))) E PAPiT). 

Proof. From Definition 12.41 we have ip = <^i + <^ 2 ) where E AP( T) and £ -PAPq(T). Set 


E(t) = f((p(t - 6(t ))) = - 0(t))) + [f(cpi(t - 9(t )) + p 2 (t - 9(t))) - /(y>i (t - 9(t )))] 

:= E\(t) + E 2 (t). 

Firstly, it follows from Theorem 2.11 in j45] that E\ E AP(TT). Then, we show that E 2 E 
PAP 0 (T) because 


lim — 

r —>+oo 2 r 


rto+r 


|^ 2 (s)|Vs 


>to—r 
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= lim — 

r —»+oo 2 r 


rto+r 

't 0 —r 

rto+r 


\f(<Pi(s - °( s )) + ~ °( s ))) ~ f(<P i(s - 0(s)))|Vs 


< lim — \ip 2 (s-9(s))\Vs = 0. 

r-^+oo 2 r J tQ _ r 

Thus E 2 E PAPq(T). So E E Pv4P(T). The proof is complete. 


Similar to Definition 2.12 in [05], we give 

Definition 2.5. Let Aft ) be an n x n matrix-valued function on T. Then the linear system 

x v (f) = A ft)xft), t E T (2.1) 

is said to admit an exponential dichotomy on T if there exist positive constant I\, a, projection 
P and the fundamental solution matrix X(t) of (12.ip , satisfying 

||X(t)PX _1 (s)|| 0 < Ke eva (t,s), s,tET,t>s, 

||X(t)(/-P)X~ 1 (s)|| 0 < Ke Qva (s,t), s,tET,t<s, 

where || • ||o is a matrix norm on T (say, for example, if A = (a tJ ) nxm , then we can take 

n m 

Pllo = (EE l%l 2 ) 5 )- 

i= 1 j =1 

Consider the following almost periodic system 

x v (t) = A(t)x(t) + f(t ), t E T, (2.2) 

where Aft) is an almost periodic matrix function, /(f) is an almost periodic vector function. 
Similar to the proof of Theorem 5.2 in [42], we can get the following lemma. 

Lemma 2.7. Suppose that Aft ) is almost periodic, (12.11) admits an exponential dichotomy 
and the function f E PAP(T). Then (12.21) has a unique bounded solution x E PAP{T) that 
can be expressed as follows: 

/ t r+oo 

X(f)PX- 1 (p( S ))/( S )V, - / X(t)(I - P)X~\p(s))f(s)Xs , 

-oo J t 

where X ft) is the fundamental solution matrix of (12.11) . 

Similar to the proof of Lemma 2.15 in [45], we have 

Lemma 2.8. Let c/f) : T —» M + be an almost periodic function, —Ci E TTf, T E A and 

1 f t+T 

m(ci) = lim — / Cj(s)Vs > 0, i = 1, 2,..., n. 
oo T J t 

Then the linear system 

x v (t) = diag(-ci(f), — c 2 (f),..., -c n (t))x(t) (2.3) 

admits an exponential dichotomy on T, where m(cf) denote the mean-value of c^, % — 1, 2,..., n. 
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3 The existence of pseudo almost periodic solution 

In this section, we will state and prove the sufficient conditions for the existence of pseudo 
almost periodic solutions of (II. ip . 

Let 


B = {<^(7) = : <Pi(t),<pY(t) G PAP(T), i = 1,2,... ,n] 

with the norm ||</?|| B = sup ||<^(t)||, where ||<£>(t)|| = max {|^(t) |, then B is a Banach 

te T l<i<n 

space. 

Throughout this paper, we assume that the following conditions hold: 

(Hi) Ci G (7(T,]R + ) with — q € 7£+, where 7 Z+ denotes the set of positively regressive func¬ 
tions from T to M, i — 1, 2,..., n; 

(H 2 ) <i ij . %, djj. 'I)ji G AP(T), <)j. t : . r>ij. Aji- 0,i G C(T, A) and /, G PAP(T); 

(. H 3 ) Functions fj,gj,hj,kj G C(M,M) and there exist positive constants Lj,L 9 ,Lj,L k such 
that 

l/j(«) - /i(^)I <L f Au- v\, | gj(u) - gj(v)\ < L 9 Au - v\, 


j 

- h I 


J 1 

|7r,-(ii) — hj(v )| < — w|, — fcj(u)| < L k \u — v\, 

where «,dgR and /•,(()) = ^(0) = hj( 0) = fcj(0) = 0, j — 1, 2,..., n. 
Theorem 3.1. Let (H\)-(H :i ) hold. Suppose that 
(HA) there exists a positive constant r such that 

max { —, Ci + _° l ft, X + max { K\, I\ 2 } < r, 

l<i<n I C t C t J 

0 < — < + C ' - < cA, f = 1, 2,..., n, 
r cj + c. 


where 


pi = (yy+Edd+Edd+Edyd 


EIW)'. *=i.2.•••.«. 

j=i j=i 


/+ 

K\ = max — V, /d 2 = max 


l<i<n I c. 


1<2<71 


d + + q 


Then system (II.ip has at least one pseudo almost periodic solution in the region E = G 
< r}. 







Proof. Rewrite (II. ip in the form 


xj (t) = -Ci(t)Xi(t) + Ci(t) 


/ x 7 0) v - s + Y 

lt—Si(t) j =1 


+Y kjifyjMt - nj (t))) + y d ij(t) 


3 = 1 
n n 


3 = 1 


f <j-ij (£) 


hj(xj (s))Vs 


+EE Tiji(t)kj(xj(t - £iji(t)))ki(xi(t - (iji{t))) + it G T, i = 1,2,... ,n. 

l=i /=i 


For any 99 G B, we consider the following system 

= ~Ci(t)xi(t) + Fi(t,<p) + Ii(t), te T, 7 = 1,2, ...,n, 

where 


(3,1) 


I <ef(s)Vs + YdijWfAvjit)) 

t—5i(t) j =1 


Fi(t,<p ) = Cj(t) 

n 

+ Y M%(^l(* ~ Tijit))) + Y d ijW 


1=1 
n n 


1=1 




hj(pJ{s))Vs 


+EE 

1=1 z=i 

Since min | inf cRf)| > 0. it follows from Lemma [2.81 that the linear system 

i<i<n L teT WJ - 

if(t) =—Ci(*)®iW> 1=1,2, ,",n 


(3,2) 


admits an exponential dichotomy on T. Thus, by Lemma [2.71 we know that system (13.ip has 
exactly one pseudo almost periodic solution which can be expressed as follows: 


rp - f rp rp rp \ d 

\^(pi 5 ^(f2 J • • • J ) 5 


where 

x Vi (t) = / e_ Ci (t,p(s))(F i (s,<p) + Ii(s))Vs, i = 1,2,..., n. 

J —OO 

Dehne the following operator 

<L : E —^ E 

{jpl 1 9^2 ; ■ ■ ■ ) Pn) ^ 1 X{ Pl 1 ■ ■ ■ 1 X fn ) • 


We will show that $ is a contraction. 
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First, we show that for any tp E E, we have € E. Note that 


\Fi(s,(p)\ = 


Ci(s) / ^7(«)Vu + ^%(s)/j(^(s)) 

Js-Si(s) j =1 


+ Y1 b v( s )9jM s - ^))) + 57 ^( s ) 


j=i 

n n 


3 =1 


*S —CTjj(s) 


4(4 (u))Vm 


+EE 

3=1 1=1 


< 4 


<p7 0)'vm 


+ Z) a 5 l£(^( s ))l 

3 = 1 


s-Si(s) 

n ic „ 

57 b ti I & ( S “ T *3 ( S ) ) ) | + 57 / 

.7 = 1 - 7s 


i=i 

n n 


-CTij(s) 


hj((pj ( u))Vu 


< 


+ 5757 I SM^(s 

i=i i=i 

n n 

c l + ^ + l^ V ( s )l + 57 a 5 L iM s )l + 57 6 5 L lM s “ T o( s ))| 


i=i 


j=i 


57^>7(*)l + EEWil^(® - ^i(s))lki(fi - c*ii(s))| 

i=i j=i «=i 


< yy+E “Sh+E ^+E y y h+E E yyh? 

' i=l 3=1 3=1 3=1 1=1 

( n n n n n 

yy+E 4 L i +E 6 S L ?+E y y ■d+E E ^ L W 

3=1 3=1 3=1 3=1 1=1 

= pi, i = 1,2,.. .,n. 


Therefore, we can get 


sup | x 9i (t )| = sup 

teT teT 


e- Ci (t,p(s))(Fi(s,(p) + Ii(s))Vs 


/+ 


< sup/ e_ c -(t,p(s))|F 1 i (s,99)|Vs +4- 

tET J —oo 
0 . /+ 

< -4 + 4- < r, 7 = 1,2,..., n. 

c „■ c„- 


On the other hand, for 7 = 1, 2,..., n, we have 


sup|xj.(t)| = sup 


teT 


teT 


Fj(t, </?) + ij(t) = Cj(t) / e_ Ci (i,p(s))(F i (s, 4 + h(s))Vs 
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< 44 + E + E 4^ + E d u*u L J + E E T ii L ) L i Y +I i 


3 =1 


i=i 


i=i 


i=i *=i 


+c7 


/ f / n n n 

e_ c - (t, p(s)) ( 45+ + E 4A + E b t> L j + E 

■°° V 3 = 1 j i J I 


nn \ r+ 

+EE r w i ‘ i O rVs+ ^ 

j=i /=i ' * 

^ 4 + cj 4 + c J T + ^ 

< 1 _ 1 pi + _ 4 < r - 


In view of ( H 4 ), we have 


1 <i<n 


||$(</?)|| B = max sup |x w (t)|,sup \x4t)\ } < r, 


te T 


teT 


which implies that <h<p G E. Hence, the mapping $ is a self-mapping from E to E. Next, we 
shall prove that $ is a contraction mapping. For any ip, ijj e E, we denote 


H i(s, <P, 4>) = Ci(s ) / [^7(«) - V7 W]V« + E %( s ) [/ife'O)) - /t(^(s))] 

•ts-< 5 i(s) j =1 

n 

+ E M s ) - 7ij(s))) - 9j{^j(s - 7p(s)))] 

3 =1 

71 ng 

+E ^( s ) / [ME0)) - ME(«))]vm 

j = l Js-(Jij(s) 

n n 

+EE Tijl(s) Cijl(s))) 

3=1 1=1 

-kjivjis - &ji( s )))ki4i(s - Ciji(«)))] , i = 1 , 2 , ... , n. 


Then, for i — 1, 2,..., n, we have 


sup |x^(f) - x^(t)| = sup 

teT teT 


e- Ci (t, p(s))Hi(s, ip4)Vs 


/ t / n n 

e_ c - (t, p(s )) ( c+ 5+ + a tj L j + E 4 L j 

■00 1 v ~i ~i 


E EME + E E ^ 

3=1 3=1 1=1 


1 

< — 1W „ 
- c7 yi% 


E a tj L i + E 4 L9 + E d i < l j 


3=1 


3=1 


3=1 
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teT 


EE 4544) Ik 

j =i 1=1 


sup |(x ¥ , i (t) - X^(t)) v | = sup 


teT 


sup 

teT 


e-ei(t,p(8))Hi(s,(p,^)Vs 

[ e_ Ci (i,p(s))fZ i (s,^,V’)Vs 
e_ c - (t,p(s))Hi(s,(p,il>)Vs 


< \H i (t,<p,il))\ + c+sup 

teT 


' —oo 
rt 


< (44 + E 44 + E 44 + E 44 L : 

j= i j=i i=i 


+EEW jii^-V’iu 

j=l z=i ' 

_|_ ✓ n n n 

+~^ ( c i f) v + X! a ij L j " XI b h l 'j ■+ X] d %°% Lh j 


3 = 1 


3=1 


3=1 


EE4,44)ik 

i-i i i 


cT + c,- 


*4 + E 44 + E 44 + E 44 £ 

j=l j= l j'=l 


By (i/ 4 ), we have 


EE 44*4 Ik 

j=l /=! 7 


||$(v?) - $(V0|| B < \\v~ 


Hence, we obtain that $ is a contraction mapping. By the hxed point theorem of Banach 
space m, it follows that $ has a hxed point in E; that is, system (II.ip has a unique pseudo 
almost periodic solution. This completes the proof of Theorem 13.11 | 


4 Global exponential stability of pseudo almost peri¬ 
odic solution 

In this section, we will study the exponential stability of pseudo almost periodic solutions 
of ([LD) . 

Definition 4.1. The pseudo almost periodic solution x*(t ) = (x*(t), x^t ),..., x* (t)) T of 
system (11.11) with initial value ip*(t ) = (<^*(f), ^(t), ■ ■ ■, is said to be globally ex¬ 

ponentially stable if there exist a positive constant X with Q U X E 1Z + and M > 1 such 
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that every solution x(t) = (x\(t), X 2 (t),..., x n (t)) T of system (11.11) with initial value p(t) = 
, Vn(t)) T satisfies 

||x(t) - x*{t) || < Me^x(t,t 0 )\\ilj\\, Vt G (0,+cx))t, 

where ||^|| = sup max | ip ft) — <p*(t )|, t 0 = max{[— 6, 0]t}- 
te[- 0 ,o] T 

Theorem 4.1. Assume that (HffHf) hold, then system (II. lj) has a unique almost periodic 
solution that is globally exponentially stable. 

Proof. From Theorem 13.11 we see that system (11.11) has at least one pseudo almost periodic 
solution x*(t) = {xl(t), x* 2 (t),, x* n (t)) T with initial value <p*{t) = (ip\(t), ip ft),..., p* n (t)) T . 
Suppose that x(t) = (xi(t), x 2 (t), ..., x n {t)) T is an arbitrary solution of (II.ip with initial 
value <p(t) = {ip ft), p> 2 (t),..., (p n {t)) T . Then it follows from system (11.11) that 


z7(t) = ~cft)zft - 6,ft)) + Y a ij(t) [fj{xj(t)) ~ M*) [toM* - r hW)) 


3 = 1 


3 = 1 


-9j(x*(t - Tij(t )))] +Y d v( t ) / i h M 7( S )) “ ^((^) V ( S ))] Vs 

n n 

+EE Tijft) [kj(xj(t - £iji(t)))ki(xi{t - (ijft))) 

3=1 i=i 

-kj(x*(t - £iji(t)))ki(x*(t - Ciji(*)))], 


(4.1) 


where uft) = xft) — xft) and i — 1, 2,..., n. 

The initial condition of (14. lj) is 

ffs) = <Pi(s) - <p*(s), fj{s) = <pf(s) - (p*) v (s), 

where s G [—9 , 0]t, i — 1,2,..., n. 

Rewrite (14. ip in the form 

ft n 

z 7(t) + Ci(t)zft) = eft) zYW'Vs + Y^AtWjMt)) -fAtfit))] 

Jt—5i(t) 0=1 


+ Y M*) [diM* ~ T ij{t))) - 9j { x *j (t - Tij (*)))] 
3=1 



\hfxj(s)) - /i j ((a;*) v (s))]Vs 


n n 

+EE Tijft) [kj(xj(t - tijft)))kfxft - (ijft))) 

3=1 1=1 


~kj(x*(t - (ijft))) kf xft - (ijft)))], i = 1,2,... ,n. 


(4.2) 
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Multiplying the both sides of (14.2p by e— Ci (t, p(s)) and integrating over [£ 0 ,£]t, where t 0 G 
[—0, 0]t, by Lemma 2.4, we get 

Ci(s) f zJ(u)Vu 

Js-Si(s) 


Zi(t ) = Zi(f 0 )e- Ci (Mo) + / e- Ci (t,p(s)) 


'to 


bij{s) [g j (x j (s — Tij(s))) 


3 = 1 


j=l 


-9j(x*j(s - ^-(s)))] + '%2<l ij (s) / [/ij(®7( u )) _ h j(( x *j) V ( u ))] 

j=l Js-<Tij(s) 

n n 

+EE Tiji (s) [fcj (s Ciji(®))) 

J=1 i=l 


-fcj(^(s-^i(s)))fc/(a;*(s-Ciji(s Vs, i = l,2,..., n. 



(4.3) 


Let /?, be defined as follows: 


#»(£) = c i - P ~ {4 ex P(/^ sup i/(s)) + c t - 0) ( c+ exp(^5+ ) 


sST 


E bb+E bb +E bbb ^p(/^y: 


t=i i=i 

n n 


3 = 1 


T i 3 i L ) Lk i ( ex P(/3£j) + ex P(^Cj)) ), i = 1,2, ■ ■ ■, n. 

j =i / :i 


By (H 4 ), we get 


«.:(o) = cr-(yy+Ebb+Ebb+Ebb 

\ j=i j=i j=i 

n n \ 

+ EEdldd) >0, i=l,2,...,n. 

J=1 J=1 ' 

Since i? ? ; is continuous on [0, +oo) and i?,;(/5) —> — oo, as /3 — * +oo, there exists 7 * > 0 such 
that = 0 and /?*(/?) > 0 for (3 G ( 0 , 7 *). Take a = min { 7 *}, we have i?*(a) > 0. So, 

we can choose a positive constant 0 < A < min {a, min |ch} ) such that 

1 1 <i<n * J J 

#i(A) >0, i = 1,2,... ,n, 

which implies that 

c+ exp (A sup z/(s)) 


1 + 


sST 


c, — A 


yy + E “5b+ E bb+ E bb 

j=i j=i i=i 
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EEWiT)) <!. * = 

J =1 /=1 


(4.4) 


Let 


M = max 

l<i<n 


<f - [46+ + £"_1 a±Lj + E"., b± L i + E“_1+ E”=, EIL, 


then by (IL 4 ) we have M > 1. 

Hence, it is obvious that 

||z(£)||b < Me Qv \(t, ^o)H^H bj Vt G [—< 9 , ^o]t, 

where ©„A G 7?. + . We claim that 

||z(*)||b < Me e „ A (Mo)!l'0!l®, e (t 0 ,+oo)T- 

To prove (14.6|) . we show that for any P > 1, the following inequality holds: 

\\z(t)\\ M < PMe euX (t,to) ||-0||b, Vt G (t 0 ,+oo) T , 
which implies that, for i — 1,2,..., n, we have 

|^(t)| < PMe e „ x (t,t 0 )\\'i/j\\ B , Vt G (t 0 ,+oo) T 

and 

I^WI < PMe erX (t,ti,)\\tp\\ M , V« 6 (t 0 ,+oo) T . 


(4.5) 


(4,6) 


(4.7) 


(4,8) 


(4,9) 


If (14.71) is not true, then there must be some t\ G (t 0 , +oo)t and some i 1; i 2 G {1,2,..., n} 
such that 


KH)||b = maxd^^i)!, |^(H)|} > PMe. Qv \(t\, t 0 


and 


\\z(t)\\ M < PMe Ql/ \(t, ^o)H'011®, t G (t 0 ,ti]T, to G [— 0, 0]t- 
Therefore, there must exist a constant c > 1 such that 


|z(ti)|ln = niax{|z (l (ii)|, |z?(ti)|} = cPMi g „x(ti,t 0 


(4.10) 


and 


|-(t)||a < cPMe Qv \(t, t 0 ) HV’II®, t G (t 0 , ^i]t, t 0 e [-0 ,O]t- (4.11) 
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In view of (14.3[) . we have 

M* i)l 


Zii(to)e-*, (ti,t 0 ) + / e_ c (fi,p(s)) ( c^s) 


'to 


S Si x (s) 




+ E“‘uM [/j(%W) - /iO'iM)] + E biij i s )[9j( x j( s T hj ( s ))) 


3 = 1 


J=1 


-9j( x *j( s - ^(s)))] + d hj(s) 


3 = 1 


s —(T^IJ (s) 


[^■(xJtV)) - hj((x*) v (u))]Vu 


EE riiji(s) [fcj(xj(s - £u ji{s)))ki(xi(s - (iiji(s))) 

3 = 1 «=1 


■kj{x*j{s - ^(s^kixiis - Cwji( 5 )))] Vs 


< e_ c (ti,t 0 )IM|]B + cPMe Qv x{ti,t Q 




e- Cil (t 1 ,p(s))ex(t 1 ,p(s)) 


'to 


x a 



e A (p(u), u)Vm + ^ a+ j Lje A (p(s), s) + 6^^Je A (p(s), s - r^(s)) 

s ~ ^*1 ( s ) J —1 j = 1 

n p S n n 

+T, d h L i ,EW“),«)v«+££ (^a(p( s )> s £ii.j'z( s )) 

j=l 9 s—ai 1 j(s) ,_i i_i 

+e A (p(s),s - Ciiji( 5 )))^ Vs 

< e_ Cii (fi,fo)||^||B + cPMe e!/A (ti,fo)||^||B / e_ Cii0I/A (fi, p(s)) 

Jt 0 

/ n n 

X ( c£tf£e A (p(s),s - M s )) + ^a+ j L J / e A (p(s),s) + ^ 6+ i Lfe A (p(s), s - ^(s)) 


j'=i (=i 


fti 


j=i 


3 = 1 


+ S <j L i<ie A (p(s), s - ^(s)) + ^ T tji L ) Lk i (ex (p(s), s - ^/(s)) 

i=i j=i i=i 


rti 


+e A 00),s - Ciijj(s)))J Vs 

< e_ Cii (fi,fo)||^||B + cPMe e!/A (ti,fo)||^||B / e_ Ciiffil/A (ti,p(s)) 

Jto 

( n 

x (4^ ex p [ A (^ + su p K s ))] + a t/ L i ex p ( A su p z/ ( s )) 


sgT 


1=1 


seT 
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n n 

55 b ti L9 j ex p [ A ( r i + su p k«))] + 55 d tj L ^ a hj ex p [ x (°Zj + su p Ks))] 

j=i seT j =i seT 

n n \ 

5155 7 ?ji L j L ?( ex p [ A (ci -+ su p ^(«))] + ex p [H(hj + su p ^( s ))])) v - s 

j =i i=i seT sgt ' 


= cP Me.Q u x(ti,to) HV'lli 


pM 


e-a^xituto) + exp (Asupz^(s)) 


seT 


X ( ex P( A5 n) + 55 <i L i + 55 b hJ L9 j ex P( Ar i) 

v j= 1 j=l 

n n n 

+55 d tj Ll J a hj ex p( A 4j) + 55 55 7 k.// / 5 / -/' ( ex p( A ^5)+ ex p( A ci 

3 =1 J =1 «=1 

„a(P,p(s)) jvs 


x / e_ fi 


'to 


< cPMe euX (ti,t 0 


pM 


e-a^xituto) + exp (Asupz^(s)) 


sgT 


x I c+5+ exp(A5+) + ^ + 55 6 t L j ex P( Ar i) 

J =1 3=1 

n n n 

55 d tj L j a tj ex p ( X(T tj) + 55 55 T tji L j L i( ex p( x & +ex p( A c 

3=1 3=1 '=1 

1 _ Z-Ci.QvXit 1, t 0 ) 


nj 


X- 


Pi - A 


< cP Me ei/ A(ti) to)||'0||i 


1 

M 


exp (A sup i/(s)) . 

—— {<% ex ^ X5 V 


55 a tA + 55 b tj L j ex p( Ar i) + 55 d t 3 L )<3 ex p ( a O 


- 55 55 T hji Lk J L i ( ex p( A ^u)+ eM x c d 

3=1 1=1 

exp (A sup i/(s)) 


Cij(tl 5 to) 


sgT 


Pi - A 


c K ex p( A ^t) + 55 a tj L j + 55 b tj L9 j ex p( Ar i) 


i=i 


i=! 


+55 d tj L, j a hj ex p( A °i)+55 55 T t^ L ) Lk i ( ex p( A &y+ ex p( A c 

i=i i=i i=i 

< cP Me eu \(ti,t 0 


H3 
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and 


\z 7 2 (h)\ < cZe^At^mU + cPMee^t,, 


ex(t!,u)Vu 


ti—Si 2 (ti) 


E“fcj L A>,(ii,ti) + 5^6Jj£jej(ti,ti - Tkjiti)) 




' s-CJ i 2 j(s) 


e x (p(u),u)Wu 


E E L[(e\(ti,ti — £i 2 ji(t i)) + e\(ti,ti - Chjiih 


j =i J=i 


+c+cPMe 0i/A (ti,t o 


e- Ci ,(^i,p(s))e A (ti,p(s)) 


X i C i2 


's-%2 ( s ) 


^00), «)Vm + E a^Ljexipis), s) 


n n p 

+ E E L E(p(s), s - r iM -(s)) + E d+jL) / 

A — 1 J 8- 


e x (p(u),u)Wu 


S - Ciojis ) 


- Cwi(a))) r Vs 


j=i «=i 


4'e-cia^i, ^o)||'0||b + cPMe euX (t 1 ,to)W\U[4 2 5+exp(\5+) + Y a tj L j 


E b tj L j exp(Ar+) + E exp ( Act, V) 


E E ( ex p(EE)+« p(acj 


i=i /=i 


x + c+ ex p(A s upi/(s)) J e_ Ci2 © A (ii,p(s))AsJ 

/• + / n 

cPMe e „ A (f 1 ,i 0 )||V>|| J T 7 «!-( C --a)(*i» ( o) + ( exp(AcST) + ^ af aj L 


y Ki L ‘eMKi) + V <*p( K,) 


V V T+, ,L)Ll (expfA^,,) + exp(AC+, 


J = 1 i=l 
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x ( 1 + c+, exp(Asup u(s)) 

V sGT 

< cPMeQ v x(t u t Q 


( c i 2 ~ A ) 


exp (A sup u(s)) 

1 sGT 


M 


(e-(c--A)(^^o) - 1)^ 

n 

+<5+exp(A5+)^a+ i L| 


c i 2 " A 


3= 1 


Y b Zj L S eX P( Ar i) + d t 2 3 L 1 a t3 eX P( A 4i) 

i=l 3 = 1 

n n 

E E (^P(^) + exp(AC+,)) 

j = l 1=1 

c+ ex p( As up/i(,s)) 


c+e_ (c - A) (t 1; t 0 ) 


+ 1 + 


sGT 


C i 2 - A 


44 ex p( A 4) 


Y a U L \ + 44" ex P( Ar i) + ex P( A <) 


+ E E (“P(X+,) + expfACi,)) 

1=1 Z=1 

< cPMe Qv x{tiito 


The above two inequalities imply that 

II44II® < cPAfe ei/A (ti,to)||'0||B, 

which contradicts (14.1Q[) . and so (j4.7[) holds. Letting P —> 1, then (j4.6[) holds. Hence, the 
pseudo almost periodic solution of system (11.11) is globally exponentially stable. The proof is 
complete. | 


5 An example 

In this section, we will give an example to illustrate the feasibility and effectiveness of our 
results obtained in Sections 3 and 4. 

Example 5.1. Let n = 2. Consider the following neural network system on time scale T: 

2 

xj(t) = -a(t)xi(t - Si(t )) + ^ 

3 = 1 

2 2 t 

+ Y bi 3^ g jM t ~ r hW)) + Y di i^> / hjixJ^Vs 
j =1 j = 1 Jt—<Tij(t) 

2 2 

+EE Tijit^kj^Xjft - £iji(t)))ki(xi(t - (iji(t))) + hit ), (5.1) 

j=i z=i 


19 














where t G T, i — 1,2 and t/ie coefficients are as follows: 

Ci (t) = 0.95 + 0.05 sin t, c 2 {t) = 0.91 + 0.04 sin t, an (t) = 0.05 cost 

anft) = 0.07cos V2t, a 2 i(t) = 0.05 cos , a 22 {t) = 0.03 cos > 

&n(t) = 0.06 sin t, & 12 (i) = 0.03 cos V2t, b 2 \(t) = 0.04cost, 

& 22 if') = 0.03sin V2t, dn(t) = 0.08 sin t, rf 12 (t) = 0.04sin \Z~2t, d 2 i(t) = 0.06 sin t, 
d 22 {t) = 0.07 cos V^t, f^u) = 0.1 sin m, f 2 (u) — sin u, gi(u) = 0.1 cos u, g 2 (u) = cos u, 

h\(u) = 0.1 sin -u, h 2 (u ) = sin \fu, ki(u) = 0.1cos\/2w, k 2 {u) = sin 3m, 

3 

T in {t) = T 222 (t ) = 0.075 + 0.025 sin y/2t, T 112 {t) = T 2l2 (t) = 0.07 + 0.03 cos , 

7i2i (t) = T 22 i(t) = 0.075 + 0.025cos \/3t, Ti 22 (t ) = T 2 n{t) = 0.07 + 0.03sin t^j . 

lift) = I 2 (t ) = 0.5 sin 2t, Jift) = J 2 (t ) = 0.5 cos y/2t. 

By a simple calculation, we have 



4 = 

m 

o 

M 

4 = ' 

0.95, cf = 

0.9, c 

f = 0.0.87, 


a+ = 

0.05, 

a l2 = 

0.07, «+ 

= 0.05, 

a 22 — 

-- 0.03, 


4 = 

: 0.06, 

4 = 

0.03, b+ : 

= 0.04, 

/>+ — 
°22 ~ 

0.03, 


di ! = 

0.08, 

d\ 2 — 

0.04, dfi 

= 0.06, 

d + — 
a 22 — 

: 0.07, 

Tfn = 

= ^222 : 

— T + 
~ 1 112 

_ r r+ _ r p+ _ 

— ^212 — 1 121 — 

T+ — 
1 221 — 

T^ = 

T 2 \ 1 = 

h{ 

= m 

= h } ; 

= ^ 

= 0.1, Hi 

= m 

= Hp 

= H k 2 = 


Therefore, whether T = R or I = Z, all the conditions of Theorem \3.1\ and Theorem\f.l 


are 


satisfied, hence, we know that system (15.11) has a pseudo almost periodic solution, which is 
globally exponentially stable. This is, the continuous-time neural network and its discrete-time 
analogue have the same dynamical behaviors for the pseudo almost periodicity. 
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